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Outline

- Part I: Prime Numbers and Riemann Zeros

- Part II: Random Matrix Theory and Quantum Chaos

- Part III: The Prime State
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Part I
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Order and chaos in the primes
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Order, Order !!  Gauss Law

The number of primes less than N is approximately
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Gauss Law = Prime Number Theorem 

(Hadamard, de la Vallee-Poussin, 1896) 

Logarithmic integral function

Density of primes

𝑙𝑖𝑚$→&	
𝜋(𝑁)
𝐿𝑖(𝑁) = 1
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Wikipedia
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Chaos in the primes
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𝑅𝑒	𝑠 > 1

RH: Non trivial zeros of            have real part equal to 1/2

Euler formula



Twin primes

(3, 5), (5, 7), (11, 13), (17, 19), (29, 31), (41, 43), (59, 61), (71, 73), ....

number of primes              such that              is also prime 

Hardy - Littlewood conjecture (1923)

Twin prime constant



Hardy-Littlewood conjecture

number of primes              such that              is also prime 

HL conjecture : pairwise correlations between the primes

𝐶 𝑘 = 	
2	𝐶6 	7

𝑝 − 1
𝑝 − 2
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Averaged form of the Hardy-Littlewood conjecture

If primes were pairwise uncorrelated

(Keating)𝐶(𝑘) 	~	1	 − 	
1
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Part II
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The Riemann zeros as spectrum
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Pairwise correlations

Density of “zeros”

Average density

Pair correlation



Montgomery conjecture (1973)

In the limit 

Odlyzo numerics (1989)



Prime Numbers

Averaged HL conjecture

Riemann zeros 

Montgomery conjecture

Keating (1993)

Full  HL conjecture Berry, Bogomolny, Keating,…

Bogomolny, Keating (1996)



arXiv:1903.07057v1 

Full  HL conjecture

Heuristic equivalence between the two conjectures



Prime Numbers Riemann zeros 

Berry’s analogy in Quantum Chaos (80’s)

Classical chaotic Hamiltonian

p : primitive periodic orbit
log p: period

Quantum Hamiltonian

Eigenenergies

Trace formula Gutzwiller formula

Breaks time reversal GUE statistics

Spectral approach to prove the Riemann Hypothesis
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Efficient construction of the prime state: 

Grover algorithm with an oracle that implements
classical primality tests.  

Quantum counting algorithm provides an estimate
of          that can be used to falsify the RH but not
to prove it. 

𝜋 2H



Prime numbers in arithmetics progressions

Prime number theorem for progressions



Chebyshev bias: 

Magnetization of the qubit 1 

Chebyshev bias as magnetization



IBM quantum computer and the Prime state
(Diego García-Martín, GS, 2018) 



Quantum Fourier transform of the Prime state
Eduard Ribas Fernández , J.I. Latorre, TFG (18)  
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Entanglement in the Prime state





Volumen law entropy



Purity of the Prime state
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Entropies for Random Ensembles

(real or complex) uniformly distributed in the Hilbert space

Lubkin (78), Don Page (93)

Entropies for  Random Positive Ensembles Grover, Fisher (14)



Entanglement Spectrum

∂exact
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The prime state and Hardy-Littlewood conjecture

Approximate reduced density matrix

Toeplitz matrix using the Hardy-Littlewood constants

Quantum                                       Pairwise 
Entanglement                                Correlations



The entanglement spectrum follows from the spectrum of 

Positive
Eigenvalues: 

Degeneracy: Euler totient function

square free number

Moebius function



Conjecture:

: density of odd square free integers



Entropies of primes in arithmetics progressions

Prime 1 mod 4 
Prime 3 mod 4 



Entropies of primes using qudits

: entanglement prime constant



CONCLUSIONS



Hardy-Littlewood conjecture

Quantum Chaos Entanglement

?

???
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The best is yet to come




